
ISRAEL JOURNAL OF MATHEMATICS, Vol. 73, No. 2, 1991 

INDEPENDENT SETS IN 
REGULAR GRAPHS AND 

SUM-FREE SUBSETS OF FINITE GROUPS 

BY 

NOGA ALONt 
Department of Mathematics 

Sackler Faculty of Exact Sciences, Tel A viv University, Tel A viv, Israel 

ABSTRACT 

It is shown that there exists a function ~ (k) which tends to 0 as k tends to infinity, 
such that any k-regular graph on n vertices contains at most 2 (1/2+~(k)In indepen- 
dent sets. This settles a conjecture of A. Granville and has several applications in 
Combinatorial Group Theory. 

1. Introduction 

All graphs considered here are finite, undirected and simple. For  a graph G = 

(V,E) ,  let I ( G )  denote the number  o f  independent  sets o f  G. During the 1988 

Number  Theory  Conference at Banff ,  A.  Granville (private communica t ion  f rom 

P. Erd6s)  conjectured that  for  any  k-regular  graph  G on n vertices, I ( G )  <_ 

2 (l/2+~(k))n, where e (k)  tends to 0 as k tends to infinity. Note  that,  since any k- 

regular bipartite graph on n vertices contains at least 2 n/2+l - 1 independent sets, 

this conjecture,  if true, is best possible, up to the actual behavior  o f  the best pos- 

sible error  term e (k) .  

In the present paper  we settle Granville 's  conjecture by proving the following. 

THEOREM 1.1 For any k-regular graph G on n vertices, I( G) <_ 2 ~l/2+°~-°~))n. 

The estimate O ( k  -°A) can be easily improved ,  but  since it seems that  our  

method  cannot  supply the best possible estimate, we do not  make  any attempts to 

optimize our  estimates here and th roughout  the paper.  It is also worth noting that  

our  method  actually implies that  if G is a graph  on n vertices with min imum de- 
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gree 6 and maximum degree A, then I(G) <_ 2 (l/2+f('~'A))n, wheref(~,  A) tends to 

zero when/~ ~ 0o, A/6 . 1. To simplify the presentation, we do not prove this 

stronger result (whose proof is analogous to that of Theorem 1.1 presented here) 

in detail. 

By applying Theorem 1.1 to Cayley graphs, one can obtain several applications 

in Combinatorial Group Theory. For a finite group G and for a set S c_ G, we call 

a subset A c_ G S-free if AS N A = 0 ,  i.e., if there are no s E S and al,  a2 E A 

such that a~ s = a2. Theorem 1.1 implies the following. 

THEOREM 1.2. Let G be a group of order n and suppose S C_ G, IS[ = k. Then, 

the number of S-free subsets of  G does not exceed 20/2+°(k-°a ))n. 

Notice that if G has a subgroup H of index 2 and S C G \ H  then all the 2 n/2 

subsets of  the coset G \ H  are S-free, showing that the last theorem is essentially 

best possible. 

A subset A of a finite group G is called sum-free (or product-free) if A .A (7 

A = 0 ,  i.e., if there are no al,a2,a3 E A such that ala 2 ---- a 3. As observed by 

Granville, Theorem 1.2 implies the following Corollary, which is, again, essentially 

best possible for any group containing a subgroup of index 2. 

COROLLARY 1.3. The number of sum-free subsets of any group G of order n is 

at most 20/2+°O))n, where o(1) tends to 0 as n tends to infinity. 

This result is closely related to some of the problems considered in [C],[CE]. See 

also [AK] and [WSW] for some related results. 

The proof of Theorem 1.1 relies heavily on probabilistic arguments. In partic- 

ular, it contains a somewhat surprising method presented in the next section of ob- 

taining an exponentially small upper bound for the probability of a certain event. 

This method together with the well-known Kruskal-Katona theorem ([Kr],[Ka]) en- 

ables us to prove a variant of Theorem 1.1 for bipartite graphs. The general case 

is then deduced, in section 3, by applying the Lov~isz Local Lemma [EL]. In sec- 

tion 4 we describe the applications in Combinatorial Group Theory. The final sec- 

tion 5 contains some concluding remarks and open problems. 

2. Almost regular bipartite graphs 

In this section, which is the heart of  the paper, we prove the following variant 

of Theorem 1.1 for bipartite graphs. (From now on, whenever we write g = O ( f )  

we mean that g <_ cf for some absolute positive constant c). 
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THEOREM 2.1. Let G be a bipartite graph on n vertices in which the degree o f  

each vertex is at least k - k 5/s and at most k + k 5/8. Then I(  G) <_ 20/2+°tk-°~))n. 

The proof of this theorem is presented in the rest of  this section. In the proof 

we assume, whenever it is needed, that k is sufficiently large. 

Let U and V denote the two vertex-classes of  G. Put I U[ = l, [ V[ = m, and as- 

sume, without loss of generality, that ! < m. Observe that by the assumptions on 
the degrees I. (k  + k 5Is) >_ m.  (k  - k 5/s) and thus 

(2.1) 
n 

1 _< m < - (1 + O(k-3 /s ) ) .  
2 

The total number of sets of vertices A satisfying ]A Iq U[ _< l k  -1 /2  does not 

exceed 

(2.2) 2m ~_ai<_lk - ' /2  (1) <2m+tH2(k-'/2) < 2 n/2(l+O(k-°',) , 

where  here / - /2  (x) = - x  log2 x - (1 - x) log2 (1 - x )  is the  binary e n t r o p y  func -  

t ion ,  log2 is the logarithm in base 2, and we applied the standard estimates for bi- 

nomial distributions (see, e.g., [ES]) to conclude that 

i<lk-I/2 

It thus suffices to bound the number of  independent sets of vertices containing 

at least lk -1/2 members of U. For a subset A __q Ulet  N ( A )  denote the set of their 

neighbors in V. A is called an s-set if IN(A)I = s. Let I ( s , t )  denote the number 

of  s sets of cardinality t. The total number of independent sets in G is clearly 

I ( s , t )  2 m-5 • . 

t = 0  s = 0  

This is because if A _c U is an s-set there are precisely 2 " - s  independent sets in G 

whose intersection with U is A. In view of (2.2) it suffices to consider the sets with 

at least lk -~/2 vertices in U, i.e., to bound the sum 

m 

(2.3) ~_~ ~_j I ( s , t ) ' 2m-L  
Ik-I/2<t<l s = 0  

Put to = lk -1/2 and define I ' ( s , t )  = ~=1 l ( i , t ) .  Thus I ' ( s , t )  is the number of 

subsets of  cardinality t in U which have at most s neighbors in V. 
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CLAIM 2.2. 

(s + O(lk-'/7) ) 
I ' ( s ,  to) <- 

to 

PROOF. Since our graph is almost regular, I (s ,  to) = 0 for, say, s < ½t0 and 

hence we may assume s > ~t0. (This is because for every subset B of  U, IN(B)] _> 

[Bl(k - k S / S ) / ( k  + k 5Is) = [BI(1 - O ( k - 3 / s ) ) . )  Let us choose an ordered ran- 

dom subset A = (v~, v2 . . . . .  Vto) of  cardinality to in U by choosing its elements, 

one by one, randomly and independently, where in each step an element of  U is 

chosen randomly according to a uniform distribution among those members of  U 

not chosen so far. Let us call the choice of  v ia  failure if  

IN(Iv,  . . . . .  vi-a])l  _<s and I U ( [ v l , . . . , v i } ) \ N ( l v ,  . . . . .  Pi_l])[ < k 2/3. 

FACT 2.3. For every given fixed choice of vl . . . . .  vi-1, the conditional prob- 

ability p that the choice of  vi is a failure is at most s / l  + ck -1/3, for some abso- 

lute positive constant c. 

PROOF. If N([ vl . . . . .  vi-i 1) > s then p = 0 and the Fact follows. Otherwise, 

there are at least m - s vertices in V \ N ( {  v~ . . . . .  vi-~ }). For each such vertex u, 

the probabili ty that it is a neighbor of  the new chosen vertex vi is precisely 

d c ( u ) / ( l  - i + 1) >_ (k  - k5/8)/1, where d e ( u )  is the degree of u in G. It follows 

that the expected value of  

Y= IN([v, . . . . .  vi})kN({vl . . . . .  vi-1]) I 

is at least 

m - s  k5/8) ( ~) ( k -  > 1 -  ( k - k S ~ 8 ) .  

Since the random variable Y is never more than k + k 5/8 it follows that 

Therefore p <_ s / l  + 0 (  k-1/3) ,  establishing Fact 2.3. 

Returning to the proof  of  Claim 2.2, observe that if for A = (vl . . . . . . .  Vto) we 

have 

IN(Iv, . . . . . . .  O ,o l ) l  _ < s  
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then 

I N ( [  v, . . . . . . .  vi }) \ N ( {  v, . . . . . . .  v i - ,  1) I >- k2/3 

for no more than s / k  2/3 values of  i. Thus, the number  of  failures is at least to - 

s / k  2/3 >- to - O ( t o k - 1 / 6 ) ,  where here we used the fact that s _< m and to = lk  -~/2. 

By Fact 2.3, the conditional probabili ty of  every failure, given all the previous 

choices, is small. Hence, the probability of  having at least to - O ( t o k  -1/6 ) failures 

is at most  

(2.4) 

Since 

to (o, ok lJ6,) + ck 1t3) o, 

( ,0 ) (1 + o(k- ' J7))  '0, 
O ( t o  k - l / 6 )  

and since, as s / l  > to~21 = 1 /2 ,~ ,  we have 

+ ck -1~3 s (1 + o(k-,.)),o, 

the quantity (2.4) is at most 

- to F ° " 

We have thus proved that  the probabili ty that an ordered random subset A of 

cardinality to in U has at most s neighbors in V does not exceed 

( s + O ( l k - l / 7 ) ) . t o _ ~ V .  

to I t° " 

Since there are l ( l  - 1 ) . . . .  • (l - to + 1) possibilities for choosing an ordered 

set A of to vertices, and since any unordered set of  cardinality to is counted in this 

manner  to! times, we conclude that 

( (s+ , / l ( l - 1 ) . . . . . ( l - t o + l )  s + O ( l k  -1/7) to! < 
I '  (s, to) <- . . . .  - • 

to ! to / po to 

This completes the proof  of  Claim 2.2. • 
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For a family 5: of h-sets and for t~ _> t2, the t2-shadow of $, denoted 0tt2)(5:), 

is defined by 0"2~(5:) = IB: [B[ = t2 and B _ F f o r  some F E  5:]. We need the 

following well-known result. 

PROPOSmO~ 2.4 (A special case of the Kruskal-Katona theorem; see [Kr],[Ka]). 

I f  t, > t2, 5: is a family of  t,-sets and ls:l > (X) then [O"2'(5:)[ > (x) • 
_ _  - -  t l  - -  t 2  " 

COROLLARY 2.5. For every t, to < t < l, and for every s, 1 <_ s < m, 

(s  + O(lk-'/7) ) 
l ' ( s , t )  <__ 

t 

PROOF. Define (~t = IA :A c_ U, IAI = t and IN(A)I -< sl. By Claim 2.2, 

( s  + O(lk-'/7) ) 
I~,ol <-- to 

Clearly, for every t _> to, O(t°}((~t) ~--- (~to" The result now follows from Proposi- 

tion 2.4. • 

We can now complete the proof of Theorem 2.1. By the last Corollary, the sum 

given in (2.3) is at most 

s + O ( k  -1/7) 2m_ s= ~ 2 m _  s ~ S+ O(lk -1/7) 

Ik-I/7<t< I s=O s=O Ik-J/7<t<l t 

m 
<- ~ 2 m - s . 2  s+Otlk-l/7) 

$=0 

= m2m+O(tk -1/7) 

< 20/2+O(k-°'1 ))n 

where the last inequality follows from inequality (2.1). This completes the proof 

of Theorem 2.1. • 

3. General regular graphs 

In this section we show how to derive Theorem 1.1 from Theorem 2.1. This is 

done by applying the Lovfisz Local Lemma, proved in [EL] (see also, e.g., [GRS]), 

which is the following. 

LEMMA 3.1 (The Lovfisz Local Lemma [EL]). Let A~ ,A2 . . . . .  An be events in 
a probability space. Suppose that each event Ai is mutually independent of  all the 
other events but at most d and that Pr(Ai) < p for all 1 < i <_ n. I f  ep(d + 1) < 
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1, where e = 2.718... is the basis of  the natural logarithm, then with positive prob- 

ability no event Ai holds. • 

The following simple corollary is very similar to Lemma 2.4 in [AA]. 

COROLLARY 3.2. Every k-regular graph G = (V,E)  where, say, k >_ 100, con- 

tains a spanning bipartite subgraph H in which the degree o f  each vertex is at least 

k /2  - 2 k ~ g  k and at most k /2  + 2 k4-k-~g k. 

PROOF. Let f :  V~ {0,1 } be a random function, i.e., a random two-coloring of 

V obtained by choosing, for each u E V independently, a color f (u )  E [0,1} ac- 

cording to a uniform distribution on [0,1 }. For each vertex u E V, let Au be the 

event that u has more than k /2  + 2 k ~ g  k neighbors having the same color. By 

the standard estimates for the probability in the tail of the binomial distribution 

(see, e.g., [ES]), it is easy to check that for every u E V 

Pr(Au) < k -3. 

However, each event Au is mutually independent of all the other events Av, be- 

sides those vertices v that have a common neighbor with u. Since there are at most 

k (k - 1) such vertices v, Lemma 3.1 implies that with positive probability no event 

Au holds. Put V0 = f - l ( 0 )  and Vl = f - l ( 1 )  and let H be the spanning bipartite 

subgraph of G on the classes of vertices V0 and V~ whose edges are all edges of G 

joining vertices from distinct classes. Clearly H satisfies the conclusion of Corol- 

lary 3.2. • 

PROOF OF TnEOPa~M 1.1. Let G be a k-regular graph on n vertices. By Corol- 

lary 3.2, if k is sufficiently large G has a spanning bipartite subgraph H in which 

the degree of each vertex is at least k /2  - (3:/2) 5/s and at most k /2  + (k/2)  5/a. 

Since any independent set in G is also independent in H, I (G)  <_ I ( H ) .  However, 

by Theorem 2.1 

and hence 

completing the proof. 

I ( H )  <_ 2 (l/2+O(k-°a))n, 

I(  G) <_ 2 (l/2+°(k-°~))n, 

4. Combinatorial group theory 

Let G be a finite group. As defined in section 1, for a set S c_ G (which does not 

contain the identity of G) and for A __ G, A is called S-free if A S  N A = Q. Re- 
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call that the Cayley graph H ( G , S )  of G with respect to S is the graph whose set 

of vertices consists of all elements in G, in which g and g' are adjacent if and only 

if there is an s E S such that gs = g' or g's = g. Clearly H ( G , S )  is/-regular where 

1 = I S U S-~I . It is also obvious that every S-free set is an independent set in 

H(G,  S). Therefore, one can apply Theorem 1.1 to H(G,  S) and conclude that the 

number of S-free subsets of G is at most 

2 ( 1/2+O(I S I -° ' l  ))1GI, 

as asserted in Theorem 1.2. • 

To prove Corollary 1.3 we argue as follows. Let G be a group of order n. The 

total number of  subsets of  cardinality at most, say, logn of  G is 

= 2o(n). 
i=0 

It thus suffices to bound the number of sum-free subsets of G containing at least 

log n elements. Let us order the elements of G arbitrarily. For each sum-free sub- 

set A of G containing at least log n elements, let S = SA be the set of the first log n 

elements of  A, according to our chosen order. Clearly A is an S-free subset of G. 

Thus, by Theorem 1.2, for each fixed S there are at most 

2(l /2+O((logn)-° ' l ))n = 2(1/2+o(1)) n 

possible choices for A. As there are 

( n ) = 2 ° ( n )  
log n 

possible sets S, it follows that the total number of sum-free subsets in G does not 

exceed 2 ~1/2+°(1))'. This establishes Corollary 1.3. • 

Note that the upper bound in Corollary 1.3 holds even if we define a sum-free 

set to be any set A such that there are no al, a2, a3 E A satisfying al az = a3, where 

az belongs to the first, say, log n elements of A. It is also worth noting that an 

easy modification in the last proof yields the following result, which was, in fact, 

Granville's original motivation for raising his conjecture on regular graphs. 

PROPOSITION 4.1. The number o f  sum-free subsets o f  the set o f  integers 

{1,2 . . . . .  n] (with respect to usual addition) is at most 2 tl/2+°(1))'. • 

This result, with a somewhat worse estimate for the error term than the one that 

follows from our proof, has recently been proved also by Erd6s and Granville, 
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and, independently, by N. Calkin [C]. This solves one of the questions raised by 

Cameron in [Ca], as it easily implies that the Hausdorff  dimension of the set of 

all sum-free sets of positive integers is ½. Cameron (see [CE]) conjectured that 

in fact the number in the Proposition does not exceed O(2~/2). Our method 

does not suffice to prove this stronger assertion but it yields the upper bound 

2 O/2+°O))n e v e n  if we define a set A to be sum-free if there are no al,a2,a3 E A 

with a~ + a2 = a3, where a2 belongs to the smallest f ( n )  elements of  A, for any 

function f ( n )  that tends to infinity with n. 

5. Concluding remarks and open problems 

The disjoint union of n/2k  complete k-regular bipartite graphs is a k-regular 

graph G on n vertices satisfying 

I (G)  = (2 k+l - 1) n/2k = 2 (1/2+O(1/k))n. 

It seems plausible that this graph has the maximum possible number of indepen- 

dent sets among all k-regular graphs on n vertices. 

The number of sum-free sets in the group G = (Z2) n, which has order N = 

2 n, is at least 2 N/2+fl(n) = 2 N/2+fl(l°gN), since for each fixed non-zero vector ~ = 

(e~ . . . . .  e~) E G, any set of vectors whose scalar product (modulo 2) with ~ is 1 is 

sum-free. This shows that the o (n) term in the exponent in Corollary 1.3 is needed. 

It would be interesting to obtain a best possible version of Corollary 1.3. 

An extension of Theorem 1.1 to hypergraphs may also be interesting. 
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